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Abstract 

A chromoelectric vacuum that confines both gluon and quark degrees of free- 
dom (in the sense that they do not exist as asymptotic states) is constructed. 
However some degrees of freedom still exist as asymptotic states thereby allowing 
colour singlets to propagate. 
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The vacuum structure of QCD is a much studied subject. Many attempts have been 
made in the 70 's and early 80 's to understand the nature of the QCD vacuum. Various 
studies done many years ago have shown conclusively that the perturbative vacuum is not 
the true vacuum of QCD. A partial list of such attempts is given in However, as is 
well known, there have been numerous problems associated with many of these attempts. 
A brief discussion of these problems is given in 0. Typically, these problems have been 
those of stability of the vacuum (presence of a tachyon), presence of zero modes (infrared 
divergences) and the like. 

In an earlier publication we had tried to address some of these issues and had at- 
tempted to construct a perturbation theory based on a different vacuum. While we do not 
claim that this was the "true" vacuum of QCD, it was nonetheless clear that the (chromo- 
electric) vacuum we had constructed had many of the desirable features that we expect the 
"true" vacuum of QCD to have. For one, there were no tachyons thereby giving a stable 
vacuum where the effective potential had no imaginary part unlike the Saviddy vacuum. 
Also, some of the colour degrees of freedom were absent as physical excitations and to first 
order there were no massless modes thereby ameliorating the IR problem considerably. How- 
ever, the drawback was that the study in was based on pure SU{3) gauge theory with no 
fermions. 

In this paper, we have extended our formalism to include fermions (quarks). As in 0, we 
have incorporated the effect of the quartic vertex through the introduction of an auxilliary 
field which then renders the theory cubic. A classical background for this auxilliary field 
then leads to modifications in the perturbative vacuum as well as the tree-level two-point 
function for the gluons. The quarks interact with the background only at the one-loop order 
to get confined in turn. For this purpose, as before, we are constrained to work in Minkowski 
space and hence use Minkowski functional integral formalism. 

For completeness, we give below the formalism that we have used in [Q] but with an 
additional term for massive fermions. For a gauge theory with massive fermions the partition 
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function is 



where 



Z = J VA^VtpVipe 



d^Al - d,Al + r''-A\Al 



(1) 



(2) 



As stated above we are working with a Minkowski space (signature —2) field theory. This, 
as we shall see later, is important. 

On introducing an auxiliary field G^^, and using 



1 = / VG,^ exp d'x{gGl, - -F^ 



a \2 



(3) 



the gauge-fixed partition function can be written, upto a constant term, as 



Z = j VA^VijVipVGf,^VcDc 



_ j d^x i 



-Sgf+Sfpg 



(4) 



where c, c are the ghost fields and Sgf and Sppc the gauge fixing and the Faddeev-Popov 
ghost terms respectively. The introduction of the auxilliary field has the benefit of making 
the theory look a cubic one, with the quartic interaction terms being absorbed in the G^^G"^'' 
term. 

We now choose to evaluate the partition function in the presence of a background gauge 
field and background auxiliary field. 
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The interpretation of this split is quite simple : G°^^, represents the zero-momentum mode 
in the Fourier expansion while gives the orthogonal non-zero momentum components. 
The same is true of A". Now GJ^^ being a group valued antisymmetric field, in 3 + 1 
dimensions, the most general expression for it is then p| 
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where e, h are scalar constants of mass dimension 2, is an arbitrary time-like vector 
normalized to = 1 and E"" and if" are group valued vectors orthogonal to n. 

Though one can proceed with this general formulation, it has been shown [H that for 
any non-zero h tachyonic modes are present in the theory. Hence we make the choice of 
h = 0. The relevant quantities are then e and E^ which are then unique upto group or space 
rotations. For simplicity, we take the gauge fixing term to be 

Cgf = ^,{DfA>^r- (7) 

We again make the ansatz = to maintain manifest translation invariance. 

The path integral measure can then be split into VCJ^^ and dG'^^, to yield (here the tilde 
on has been dropped for convenience) 

Z = J dG%e^ I '^-G""^ j VA^VijVi^VG^^VcVc e^^f-+^^'- (8) 

with 



(9) 



where 



= r'G%. (10) 



The Feynman rules can then easily be read off [Q] from the above expressions after doing the 
dG^^j^ integral by the stationary phase approximation and minimizing the effective potential 
with respect to e. While the gauge-fermion vertex as well as all pieces involving the ghost 
fields are exactly the same as in usual QCD, the gauge field propagator changes drastically 
on account of the background field. Denoting 

e;' = r'E;, (11) 
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the two point function in momentum space now reads 



p2 



E,. 



ab' 



p4 + ^4g2^2 



p n^n^ + E^—E^ + eg {n^E^ - n^E^) 



cb 



2) 



and similarly for {G'^^^jG\^) and {C^^^A^) as given in 0. The denominator in the second piece 
obviously leads to propagator poles off the real axis. In fact, a careful study shows that in 
d dimensions, for a SU{N) theory one has (A^^ — l){d — 2) massless poles and the rest are 
complex conjugate pairs. The latter modes then do not propagate in position space and lead 
to confinement. The contribution of the propagating modes, on the other hand, is cancelled 
by the ghost contributions. Of course, one might raise the objection that the formulation 
itself is Lorentz non-covariant (on account of the presence of the arbitrary vector n^) and 
the results are mere artifacts of this treatment. That this is not so can clearly be seen by 



expressing the propagators in terms of G^^, e.g. 



D:W) = -w\p\uS'''-g'G^ 



(13) 



This then assures completely Lorentz-invariant dispersion relations. 

To have a more definite idea of the propagator poles, we then make a particular choice 
namely 

n^ = (1,0,0,0). 

The only non-vanishing components of E^ are then the space components and in four di- 
mensions these can always be chosen to satisfy the SU{2) algebra namely 



[Ei, Ej] = eijkEk and [E'^,E^ 



0. 



(14) 



For definiteness, we make the ansatz 



{EiY' = 2f''\ {E2T' = 2/^"", {E^Y" = 2f 



ab o ^4af) 



\ab o f6ab 
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From eqn.(|T3|), we see that the poles of the propagator are given by the eigenvalues of G^^. 
For a SU{3) theory in 4 dimensions, these are at 

r (16) 

= I ±iy/6eg'^ (5 pairs) (15) 
[ ±iy/2eg'^ (3 pairs) 

where the degeneracy is shown in parentheses. Though we have evidence of propagator 
poles off the real axis, before we make any statement about confinement we must be sure 
that the background configuration we have chosen actually has a energy lower than that 
of the perturbative vacuum. Such a comparison is to be made for the effective potential. 
Remembering that the interaction terms in the Lagrangian do not contribute to the tree-level 
effective action, the latter is trivially evaluated to yield 



(0,0,0) 



■^G;:,G"^^ + Tri 

3d, 



In 



(16) 



i2n) 



m). 



Concentrating on the gauge part, we see that the renormalized effective potential for our 
choice of the SU{N) background reads 



■^eS 
ren 



^'""'-TrE^ + ^Tr 



EHn- 



+ 



(17) 



2N ' ' 167r2 

where /i is the renormalisation scale and ■ ■ ■ represents the fermionic contribution. Minimis- 

ren 



ing rn^„„ with respect to we get 



-e^ . Tr 



167r 



2 mm ■ 



+ 



where 



f 

In ■ 



87r2 TiiEHnE^ 



^ = _ i + "^^^ ^ (19) 

/i^ [ Ng^ Tr (E^) \ ^ ' 

This explicitly shows that the configuration we have chosen indeed leads to vacuum that is 
lower than the perturbative one. 
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We now turn to the question of quark propagation in the theory. Though our choice 
for the background does not seem to involve the fermions, the latter would be affected 
on account of radiative corrections. As there is no Giljip coupling, there is obviously no 
correction at the tree level. In fact, the only correction to the fermionic propagator at the 
one loop level comes from the usual graph, but with the modified gauge propagator. That 
this is so becomes obvious once one reahses that D^^(p^) represents the full propagator at 
the tree-level, i.e., it is the quadratic operator in the effective action. Also the fact that 
there is no Gipip coupling in the Lagrangian assures that the graph being discussed is the 
only one contributing to the one-loop order, provided of course one uses the full zero-loop 
gluon propagator. A straightforward calculation can then be made, but with extreme care 
as to Wick rotation. To this end, it is more useful to reexpress the gluon propagator as 




(20) 



where 




Ml = -ie 
Ml = leg'' 
M| = -ie 



(21) 




- Y^n^ + E^—E^ - -{n^,E^ 




2 eE e2E2 



^?.(3) 



- yi^n^ + E^—E^ + —{n^E^ 




n^E^) 



2 eE e2£;2 



7 



The one-loop correction to the fermion propagator is then given by 



4-d 



(27r)' 



m 



(22) 



where 



i-d 



^ + m 



(23) 



{27rY {k - q)^ - \q^ 
and /J, is the mass parameter introduced in dimensional regularization. 

The usual course of action at this point is to employ either the Feynman or the Schwinger 
parametrization for the denominator of the integrand followed by the Wick rotation. A naive 
application of such methods in this context is however fraught with danger as one is dealing 
with a matrix valued gauge propagator and what is more one with poles off the real axis. It 
is then that the separation of the propagator into three pieces exhibits its usefulness. The 
matrix E being a diagonal one with all eigenvalues positive, the Feynman parametrization 
can be employed for each of the three pieces in a relatively straightforward fashion. Realizing 
that the Wick rotations for the j — 2 case has to be made in a sense opposite to that for 
j — 1 and J = 3, we can Euclideanize the integrals to have 



d'^qE 



x}f,E-\- fn 



(24) 



where 



^3 



x{l - x)k% + + (1 - x)w? 
1 J = l,3 
-1 J = 2 



(25) 
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A straightforward computation then yields 

Jo 



where 



r2 



e 



2 , e 

Tb — In — ^ 

2 



'j+ + Xj-) + (1 - ^?+) ln(l - 



+a;^_^ lna;j+ + (1 — ln(l — Xj.) + x^_ \n{—Xj-) 
-m [—2 + (1 — Xj+) ln{xj+ — 1) + Xj+ In Xj+ 

+(1 - ln(l - Xj-) + Xj- ln(xj_)]"'^ 



1 



2k% 



(26) 



Euler — Mascheroni constant 

(27) 

4-d 

As the above equations stand, they are exact but shed httle hght. To make things more 

transparent we shall work under the approximation 



Ml, 



(28) 



On reexpressing everything in Minkowski space, the expression for the one-loop correction 
then simplifies to 



with 



Qab 



rtab 



4 '° 



, III/ G ufjG u 

rinv H ^ + 



eE 



ab 



eE 



{ (1 - a^) ln(H- a^) + In + 2a(7r - 2 tan~^ a) } 



+ 



e^E^ 



2 2 

-a H h ( 1 — a ) tan a — am 

2 1 + a"' 



+m 



(29) 



'^^•^ {ln(l + a^) + a{n-2 tan-^ a) } + {2 tan-^ a - a In 



eE 



e^E^ 



ah 



(30) 
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where 



a'" ^ -j^f^ (31) 



The matrix C^^ is real and symmetric under the interchange of indices {/i a) -(-^ {u b) and 
hence has real eigenvalues. Its presence in Eq,^ thus renders the latter's eigenvalues complex. 
The corrected fermion propagator is given by 

and hence has poles off the real axis at the one-loop level. It is obvious that the complex 
poles are essentially given by those of the gluon propagator. This feature is to be expected as 

all such behaviour in the theory owe their origin to a non-zero value of the background gauge 
G^^. As in the gluonic case, even here only some colour degrees of freedom get confined and 
not all. This is as well, because this feature allows the color singlet degrees of freedom to 
propagate. 

Looking at the large a limit of the massless theory, one sees that the one-loop fermion 
propagator still goes as 

SrikE) ~ ^ (33) 

as is only to be expected, for the choice of the classical background does not affect the chiral 
properties of the thory in any way. 

An interpretation of the finite terms in the theory is somewhat tricky. While some of these 
just result in finite wavef unction and mass corrections, the others have the appearance of 
dipole moments. Such an identification though would be incorrect as these do not represent 
true interaction terms but only the effect of the background gauge. 

In conclusion, we have shown that it is possible to construct a chromoelectric vacuum for 
non-Abelian gauge theories that confines some of the gluon and quark degrees of freedom 
in the sense that they do not exist as asymptotic states. This vacuum also considerably 
ameliorates the infra-red problems due to the absence of massless gluon poles at least to 
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first order. In addition, since not all the degrees of freedom of the theory are confined, colour 
singlets are still allowed to propagate. 

One outstanding question in this analysis is that of renormalisability. As is clear from 
the expression for in (31), the infinite terms are now functions of the background field 
as expected. Hence, even though terms linear in can be removed through a global 
colour averaging of the G^i, field, terms of higher order in G^i, can still pose a potential 
problem and therefore a careful examination of the structure of the infinite terms, perhaps 
through a study of Slavnov-Taylor type identities of this theory, is needed. The presence 
of complex poles also necessitates a study of the unitarity of the theory. These issues are 
currently being examined. 
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